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ABSTRACT
We study stars in M theory. First, we obtain the analog of Oppen-
heimer – Volkoff equations in a suitably general set up. We obtain
analytically the asymptotic solutions to these equations when the
equations of state are linear. We study perturbations around such
solutions in several examples and, following a standard method,
use their behaviour to determine whether an instability is present
or not. In this way, we obtain a generalisation of the correspond-
ing results of Chavanis. We also find that stars in M theory have
instabilities. Therefore, if sufficiently massive, such stars will col-
lapse. We discuss the significance of these (in)stabilities within
the context of Mathur’s fuzz ball proposal.
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1. Introduction
Stars in our 3+1 dimensional universe are expected to collapse if they are
sufficiently massive. Depending on their masses, they may collapse to form
compact objects like white dwarfs or neutron stars, or collapse to form black
holes. The compact objects may collapse further if they gain sufficient mass,
for example, by accretion. Thus, ultimately, all sufficiently massive objects
are expected to collapse to form black holes.
Stars and other compact objects may be taken to be static and spher-
ically symmetric, with their constituents obeying appropriate equations of
state. The equilibrium configurations are then determined by Oppenheimer
– Volkoff (OV) equations. By studying perturbations around such equilib-
rium configurations, one determines the onset of instability which signals the
onset of collapse [1] – [4]. Studying the collapse further and determining the
end state of collapse is complicated, and is a field of ongoing research [5].
Nevertheless, a sufficiently massive object is generally assumed to ultimately
collapse to form a black hole.
It is clearly of interest to study stars and their collapse dynamics in
string/M theory. In general, for the same entropic reasons which are ex-
plained in [6, 7] where early universe was studied in string/M theory, we
may assume that stars in string/M theory are made up of N stacks of in-
tersecting branes. The equations of state for intersecting branes given in
these studies are applicable here also. Or, they can be derived using simi-
lar methods. In the following, we will restrict ourselves to M theory. The
corresponding string theory results are straightforward to obtain.
In this paper, we consider a D = nc+m+2 dimensional spacetime where
nc dimensional space is assumed to be compact and toroidal, and the (m+1)
dimensional transverse space, with m ≥ 2, is assumed to be non compact.
We assume suitable isometries along the compact space and, further, that
the stars are made up ofN number of non interacting multicomponent fluids.
This set up, for suitable choices of (D, nc,N ) and suitable equations of state,
is applicable to the stars made up of intersecting branes in M theory.
We then obtain the analog of OV equations in this general set up. Solving
these OV type equations generally and analytically is not possible. The
standard procedure is to resort to numerical methods.
However, following the methods of [8, 9, 10, 11], it is possible to determine
analytically whether an instability is present or not. In this method, one
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first obtains the asymptotic solutions of the OV equations. Such solutions,
referred to in [8] as singular solutions, can be obtained analytically when
the equations of state are linear. One then studies the behaviour of the
perturbations in the mass of the star around these asymptotic solutions. This
behaviour is sufficient to determine the presence or absence of the instability:
if the perturbations exhibit damped oscillations then an instability is present;
and if they exhibit a monotonous behaviour with no oscillations then no
instability is present. Technically, determining which behaviour is exhibited
by the perturbations involves determining the sign of a certain discriminant.
See [9, 12, 13, 14] for detailed explanations of a similar instability, called
gravothermal catastrophe, which occur in isothermal spheres.
We follow this method. Taking the equations of state to be linear, we
obtain analytically the asymptotic solutions to the OV type equations. We
then study the perturbations around the asymptotic solutions. A general
answer regarding the presence or absence of an instabilty is algebraically
quite involved. Hence, and in order to illustrate the nature of the results,
we consider a few select examples only and study the perturbations. These
examples are: (1) Stars which are effectively same as those in [11]. (2) Stars
for which N = 1 and nc is arbitrary. (3) Stars made up of M2 branes, orM5
branes. And, (4) stars made up of four stacks of intersecting branes, denoted
as 22′55′ configuration. Similar results hold for stars made up of three stacks
of 22′2′′ intersecting brane configuration.
Our results are a generalisation of those of [11] and are qualitatively
similar. Thus, e.g. in Example (2) with the equation of state being given by
p = wρ where 0 ≤ w ≤ 1 , we find that there is no instability if m ≥ 9 . Thus
in these dimensions, there will not be any collpase, and a stable equilibrium
configuration is possible for any value of mass. In the other examples of stars
in M theory, nc and m are fixed and D = 11, and instabilities are present.
Thus, a sufficiently massive stars in these examples will collapse.
We then discuss the significance of these (in)stability results, particularly
within the context of Mathur’s fuzzball proposal [15].
This paper is organised as follows. In section 2, we present the general set
up and write down the analog of OV equations. In section 3, we incorporate
the linear equations of state. In section 4, we obtain the asymptotic solutions
and study the perturbations. In section 5, we specialise to the stars in M
theory, obtain asymptotic solutions, and study the perturbations. In section
6, we discuss the significance of the (in)stability results. In section 7, we
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conclude with a brief summary and mention a few topics for further studies.
In three appendices, we provide some useful formulas.
2. General Set Up
We are interested in studying the static solutions describing stars made
up of N stacks of M theory branes, intersecting according to the BPS rules
whereby two stacks of five branes intersect along three common spatial direc-
tions; a stack each of two branes and five branes intersect along one common
spatial direction; and two stacks of two branes intersect along zero common
spatial direction. We model these intersecting M theory branes by N seper-
ately conserved energy momentum tensors TMN(I) and appropriate equations
of state among their components. We write the equations of motion and an
appropriate ansatz for the metric which can describe such static configura-
tions of M theory stars.
We take the spatial directions of the brane worldvolumes to be toroidal
and assume necessary isometries. Let the spacetime coordinates be given
by xM = (t, xi, r, θa) where i = 1, 2, · · · , nc and a = 1, 2, · · · , m . The total
spacetime dimension D = nc + m + 2 which = 11 for stars in M theory.
The coordinates xi describe the compact, nc dimensional, toroidal space;
and the radial coordinate r and the spherical coordinates θa describe the non
compact, (m + 1) dimensional, transverse space. In the following, we will
assume that m ≥ 2 . In standard notation and with κ2 = 8piGD = 1 , the
equations of motion may be written as
RMN − 1
2
gMN R = TMN =
∑
I
TMN(I) (1)
∑
M
∇M TMN(I) = 0 (2)
where TMN is the total energy momentum tensor of non interacting multicom-
ponent fluids and TMN(I) the energy momentum tensor for the I
th component
fluid, I = 1, 2, · · · ,N . For stars in M theory, TMN is the total energy mo-
mentum tensor for intersecting branes and TMN(I) is the energy momentum
tensor for the I th stack of branes, I = 1, 2, · · · ,N .
In the following, we study the static solutions which are spherically sym-
metric in the (m + 1) dimensional transverse space. The line element ds
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which can describe such static intersecting branes may now be written as
ds2 = gMN dx
M dxN = −e2λ0dt2 +∑
i
e2λ
i
(dxi)2 + e2λdr2 + e2σdΩ2m (3)
where dΩm is the standard line element on an m dimensional unit sphere.
The energy momentum tensors TMN(I) may all be assumed to be diagonal.
We denote these diagonal elements as
(
T 00(I), T
i
i(I), T
r
r(I), T
a
a(I)
)
= (p0I , piI , ΠI , paI) (4)
where p0I = −ρI and paI = pΩI for all a . The total energy momentum tensor
is now given by TMN = diag (p0, pi, Π, pa) where p0 =
∑
I p0I = −ρ and
ρ =
∑
I
ρI , pi =
∑
I
piI , Π =
∑
I
ΠI , pa = pΩ =
∑
I
pΩI . (5)
In the case of the stars being studied here, one also has ΠI = paI = pΩI .
Equations of motion
Let
α = (0, i, a) , λα = (λ0, λi, λa) , pαI = (p0I , piI , paI) (6)
where p0I = −ρI and
λa = σ , paI = pΩI = pI
for all a . For the static solutions which are spherically symmetric in the
(m+1) dimensional transverse space, the fields (λα, λ) and (pαI ,ΠI) are all
assumed to depend only on the coordinate r . Define
Λ =
∑
α
λα = λ0 +
∑
i
λi +mσ (7)
TI =
∑
M
TMM(I) = ΠI +
∑
α
pαI . (8)
It is straightforward to calculate the Riemann tensor components correspond-
ing to the metric given by equation (3), and obtain the equations of motion.
Using the above definitions and after some algebra, it follows that
(ΠI)r = −ΠI Λr +
∑
α
pαIλ
α
r (9)
Λ2r −
∑
α
(λαr )
2 = 2
∑
I
ΠI e
2λ +m(m− 1) e2λ−2σ (10)
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λαrr + (Λr − λr) λαr =
∑
I
(
−pαI + TI
D − 2
)
e2λ + δαa (m− 1) e2λ−2σ (11)
where the subscripts r denote r−derivatives. We define a function f(r) by
e2λ−2σ =
1
r2f
(12)
and a mass function M(r) by
M(r) = rm−1 (1− f) ←→ f = 1− M
rm−1
. (13)
Note that either of the functions f and M may be traded for the function
λ(r) , and that the line element for the (m+1) dimensional transverse space
given in equation (3), written in terms of f , becomes
e2λdr2 + e2σdΩ2m = e
2σ
(
dr2
r2f
+ dΩ2m
)
. (14)
Also, by a suitable change of varible, the equations of motion (9) – (11) can
be written more compactly as shown in Appendix A.
Reduction to d = m+ 2 dimensions
We will now dimensionally reduce on the compact nc dimensional toroidal
space from D = nc + m + 2 dimensions to d = m + 2 dimensions. Let
xM = (t, xi, r, θa) be the D dimensional spacetime coordinates as before
and xµ = (t, r, θa) be the d dimensional spacetime coordinates. Consider
the D dimensional line element ds given by equation (3), and denote its d
dimensional part as follows:
ds2d = gµν(d) dx
µ dxν = −e2λ0dt2 + e2λdr2 + e2σdΩ2m . (15)
Upon dimensional reduction, symbolically, we have the following:
S ∼
∫
dDx
√−g R
∼
∫
ddx
√
−g(d) eΛc (R(d) + · · ·) , Λc =
∑
i
λi
∼
∫
ddx
√
−g˜ (R˜ + · · ·) , g˜µν = e 2Λ
c
m gµν(d)
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where g˜µν is the d dimensional Einstein frame metric. Hence the line element
d˜sd in the d dimensional Einstein frame is given by
d˜s
2
d = g˜µν dx
µ dxν = −e2λ˜0dt2 + e2λ˜dr2 + e2σ˜dΩ2m (16)
where
λ˜α = λα +
Λc
m
, λ˜ = λ+
Λc
m
, (17)
and λ˜a = σ˜ for all a . Also, let
Λ˜ = λ˜0 +mσ˜ , χ˜ = Λ˜− σ˜ = λ˜0 + (m− 1)σ˜ . (18)
We then have, with the functions χ and τ as defined in Appendix A,
Λ˜ = Λ +
Λc
m
, χ˜ = χ = Λ− σ
and
e2λ−2σ = e2λ˜−2σ˜ =
1
r2f
, rτ =
dr
dτ
= eΛ−λ = eΛ˜−λ˜ = r
√
f eχ .
Note that it is equally convenient to use λ˜i or λi ; that Λc is related to λ˜i
as follows: Λ˜c =
∑
i λ˜
i = nc+m
m
Λc ; that
∑
i a˜
ibi =
∑
i a
ib˜i =
∑
i a
ibi + a
cbc
m
where a˜i = ai + a
c
m
, ac =
∑
i a
i, and similarly for b˜i and bc ; and, lastly, that∑
i a˜
iai > 0 if ai do not all vanish.
It now follows from equations (9) – (11) that
(ΠI)r = −ΠI Λ˜r + p0I λ˜0r +m pΩI σ˜r +
∑
i
(
piI − TI
m
)
λir +ΠI
(
2Λcr
m
)
(19)
2λ˜0rσ˜r + (m− 1)(σ˜r)2 =
2
m
∑
I
ΠI e
2λ + (m− 1) e2λ˜−2σ˜ + B
m
(20)
σ˜rr + (Λ˜r − λ˜r) σ˜r =
∑
I
(
−pΩI + TI
m
)
e2λ + (m− 1) e2λ˜−2σ˜ (21)
λ˜0rr + (Λ˜r − λ˜r) λ˜0r =
∑
I
(
−p0I + TI
m
)
e2λ (22)
λ˜irr + (Λ˜r − λ˜r) λ˜ir =
∑
I
(
−piI + TI
m
)
e2λ (23)
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where TI = ΠI + p0I +m pΩI and B = ∑i(λir)2+ (Λcr)2m = ∑i λ˜ir λir . Using the
diffeomorphic freedom in defining the radial coordinate, we now set eσ˜ = r .
Equations (20) and (21) become
r λ˜0r =
∑
I
ΠI
m
r2 e2λ +
m− 1
2
(e2λ˜ − 1) + r
2B
2m
(24)
r (λ˜0r − λ˜r) =
∑
I
(
ΠI + p0I
m
)
r2 e2λ + (m− 1) (e2λ˜ − 1) . (25)
Stars
For the stars, we have ΠI = paI = pI . Then TI = (m + 1)pI − ρI , and
equations (19) and (22) – (25) become
(pI)r = −(ρI + pI) λ˜0r +
∑
i
(
piI − (m+ 1)pI − ρI
m
)
λir + pI
(
2Λcr
m
)
(26)
λ˜0rr + (Λ˜r − λ˜r) λ˜0r =
∑
I
(
ρI +
(m+ 1)pI − ρI
m
)
e2λ (27)
λ˜irr + (Λ˜r − λ˜r) λ˜ir =
∑
I
(
−piI + (m+ 1)pI − ρI
m
)
e2λ (28)
r λ˜0r =
∑
I
pI
m
r2 e2λ +
m− 1
2
(e2λ˜ − 1) + r
2B
2m
(29)
r (λ˜0r − λ˜r) =
∑
I
(
pI − ρI
m
)
r2 e2λ + (m− 1) (e2λ˜ − 1) . (30)
Since eσ˜ = r , we also have
d˜s
2
d = −e2λ˜
0
dt2 +
dr2
f
+ r2dΩ2m , f = e
−2λ˜ = 1− M
rm−1
.
Thus, the line element d˜sd in the d = m+2 dimensional Einstein frame takes
the standard form. Therefore the functions appearing in it, e.g. the mass
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function M , may be interpreted in the standard way. Note that equations
(24) and (25), equivalently equations (29) and (30), give
r λ˜r =
∑
I
ρI
m
r2 e2λ − m− 1
2
(e2λ˜ − 1) + r
2B
2m
.
The definition M(r) = rm−1 (1− f) = rm−1 (1− e−2λ˜) then gives
Mr =
rm
m
(
2
∑
I
ρI e
− 2Λ
c
m + B e−2λ˜
)
(31)
which leads to the familiar expression M = 2
m
∫ r
0 dr (r
mρ) when λi = 0 .
Equations (26) – (31) are the analog of OV equations. They describe the
static equilibrium configurations of stars inD = nc+m+2 dimensional space-
time. These configurations are independent of the nc dimensional compact
toroidal coordinates and are spherically symmetric in the (m + 1) dimen-
sional transverse space. The corresponding equations when nc = 0, and
hence D = m+ 2 , are given in [11] and they follow from the above ones by
formally setting λi = 0, taking N = 1, and ignoring the λ˜irr equation. The
standard four dimensional OV equations follow upon further setting m = 2 .
3. Linear equations of state
To solve equations (26) – (30) and obtain the solutions for the fields
(λα, pαI , ΠI), one further requires equations of state which give pαI and ΠI
as functions of ρI . In this paper, we will take the equations of state to be
linear and write them as
pαI = w
I
α ρI , ΠI = w
I
Π ρI (32)
where (wIα, w
I
Π) are constants, w
I
0 = −1 since p0I = −ρI , and wIa = wIΩ = wI
since paI = pΩI = pI for all a . We show in Appendix B that when the
equations of state are linear, the fields (λα, ρI) can be expressed in terms
of N + 1 independent fields, denoted as (lI , l∗) . One then has to solve the
equations for lI and l∗ only.
For the stars we study here, wIΠ = w
I
a = w
I since ΠI = paI = pI . Define
cαI = −wIα +
(m+ 1)wI +
∑
j w
I
j − 1
nc +m
(33)
9
c˜αI = cαI +
∑
j c
jI
m
= −wIα +
(m+ 1)wI − 1
m
. (34)
Thus c˜aI = c˜I and
c˜0I = 1 + wI + c˜I , c˜iI = −wIi + wI + c˜I , c˜I =
wI − 1
m
.
Now consider equation (26). Upon using pαI = w
I
α ρI , it gives
wI (ln ρI)r = − (1 + wI) λ˜0r −
∑
i
c˜iI λir + w
I
(
2Λcr
m
)
(35)
from which it follows that
ρI = ρI0 e
φI e
2Λc
m , wI φI = − (1 + wI) λ˜0 −∑
i
c˜iI λi (36)
where ρI0 is a constant. Therefore
ρI e
2λ = ρI0 e
φI+2λ˜ , r2ρI e
2λ = ρI0 e
φI+2λ˜+2σ˜ .
For any function X(r(σ˜)), using r = eσ˜, we have
Xσ˜ = rXr , Xσ˜σ˜ = r
2Xrr + rXr
where the subscripts σ˜ denote σ˜−derivatives. Then
r2
(
Xrr + (Λ˜r − λ˜r) Xr
)
= Xσ˜σ˜ + (χ˜σ˜ − λ˜σ˜) Xσ˜
where χ˜ = Λ˜− σ˜ = λ˜0 + (m− 1) σ˜ . Equations (27) – (30), written in terms
of σ˜, now become
λ˜0σ˜σ˜ + (χ˜σ˜ − λ˜σ˜) λ˜0σ˜ =
∑
I
c˜0I ρI0 e
φI+2λ˜+2σ˜ (37)
λ˜iσ˜σ˜ + (χ˜σ˜ − λ˜σ˜) λ˜iσ˜ =
∑
I
c˜iI ρI0 e
φI+2λ˜+2σ˜ (38)
λ˜0σ˜ =
∑
I
wI
m
ρI0 e
φI+2λ˜+2σ˜ +
m− 1
2
(
e2λ˜ − 1
)
+
r2B
2m
(39)
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(λ˜0σ˜ − λ˜σ˜) =
∑
I
(
wI − 1
m
)
ρI0 e
φI+2λ˜+2σ˜ + (m− 1)
(
e2λ˜ − 1
)
(40)
where r2 B = ∑i λ˜iσ˜ λiσ˜ . Thus, equations (37) – (40) describe the stars when
the equations of state are linear as given in equation (32) with wIΠ = w
I .
4. Asymptotic solutions and perturbations
We now study the solutions to equations (37) – (40) in the limit r →∞ .
We consider the ansatz
λ˜0 = λ˜00 + s˜
0 σ˜ + u˜0 , λi = λi0 + s
i σ˜ + ui , λ˜ = λ˜0 + s˜ σ˜ + u˜
where (λ˜00, λ
i
0, λ˜0) and (s˜
0, si, s˜) are constants, λ˜00 and λ
i
0 can be set to zero
with no loss of generality, and (u˜0, ui, u˜) are functions of r . In the limit
r →∞ , the λ˜0 and the σ˜ terms give the leading order asymptotic solutions,
which are referred to in [8] as singular solutions. The functions u˜’s give the
next order corrections, and thus are the perturbations around the asymptotic
solutions. In this paper, we analyse the equations of motion to zeroth order
in the u˜’s to obtain the asymptotic solutions; and analyse to the first order
in the u˜’s to obtain perturbation equations.
Set λ˜00 = λ
i
0 = 0 with no loss of generality. Then
Λc = Sc σ˜ + U c , λ˜i = s˜i σ˜ + u˜i , φI = qI σ˜ + yI
where
Sc =
∑
i
si , U c =
∑
i
ui ; s˜i = si +
Sc
m
, u˜i = ui +
U c
m
and, as follows from equation (36),
wI qI = − (1 + wI) s˜0 −∑
i
c˜iI si (41)
wI yI = − (1 + wI) u˜0 −∑
i
c˜iI ui . (42)
Also, write r2 B = ∑i λ˜iσ˜ λiσ˜ = B0 + 2B1 + B2 where
B0 =
∑
i
s˜i si , B1 =
∑
i
si u˜iσ˜ =
∑
i
s˜i uiσ˜ , B2 =
∑
i
u˜iσ˜ u
i
σ˜ .
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Using the above expressions, we now expand equations (37) – (40) to
zeroth and first order in the u˜’s. At zeroth order, equating the powers of r
gives immediately
2 + qI + 2s˜ = s˜ = 0 . (43)
Hence,
r2(ρIe
2λ) = ρI0 e
2λ˜0+yI+2u˜ = RI (1 + y
I + 2u˜+ · · · )
e2λ˜ − 1 = e2λ˜0+2u˜ − 1 = (e2λ˜0 − 1) + e2λ˜0 (2u˜+ · · · )
χ˜σ˜ − λ˜σ˜ = α + (u˜0σ˜ − u˜σ˜) , α = m− 1 + s˜0 − s˜
where RI = ρI0 e
2λ˜0 . Then equations (37) – (42) give
α s˜0 =
∑
I
c˜0I RI , α s˜
i =
∑
I
c˜iI RI (44)
s˜0 =
∑
I
wI
m
RI +
m− 1
2
(
e2λ˜0 − 1
)
+
B0
2m
(45)
s˜0 − s˜ = ∑
I
(
wI − 1
m
)
RI + (m− 1)
(
e2λ˜0 − 1
)
(46)
2wI = (1 + wI) s˜0 +
∑
i
c˜iI si (47)
at zeroth order. And, they give
u˜0σ˜σ˜ + αu˜
0
σ˜ + s˜
0 (u˜0σ˜ − u˜σ˜) =
∑
I
c˜0I RI (y
I + 2u˜) (48)
u˜iσ˜σ˜ + αu˜
i
σ˜ + s˜
i (u˜0σ˜ − u˜σ˜) =
∑
I
c˜iI RI (y
I + 2u˜) (49)
u˜0σ˜ =
∑
I
wI
m
RI (y
I + 2u˜) + (m− 1) e2λ˜0 u˜+ B1
m
(50)
u˜0σ˜ − u˜σ˜ =
∑
I
(
wI − 1
m
)
RI (y
I + 2u˜) + (m− 1) e2λ˜0 (2u˜) (51)
wI yI = − (1 + wI) u˜0 −∑
i
c˜iI ui (52)
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at first order. Note from equation (46) that
α = m− 1 + s˜0 − s˜ = ∑
I
(
wI − 1
m
)
RI + (m− 1) e2λ˜0 .
We now make a few general remarks, thereby also summarising very
briefly several results in the studies of stars which will be used here. See
[8] – [14] for more details.
(1) Given the equations of state, the constants (wIα, c˜
αI) are known.
The zeroth order equations are simply algebraic equations for the constants
(s˜α, RI , e
2λ˜0) . The first order equations are linear differential equations
for the perturbations u˜α . They are of the type encountered in standard
‘small oscillations’ problems in mechanics, and may be solved by standard
techniques. Nevertheless, solving these equations and obtaining a general
answer is algebraically quite involved. Hence, to proceed further and to
illustrate the nature of the results, we will consider a few particular examples.
(2) It follows from λ˜ = λ˜0 + u˜ and from the definition
M(r)
rm−1
= 1 − e−2λ˜
that, in the limit of large r,
M(r)
rm−1
→ 1− e−2λ˜0
and that u˜ is the perturbation in the mass of the star.
(3) The size of the spherically symmetric star is defined as the radius
r∗ at which the pressure vanishes. The criteria for finiteness of r∗ are given
in [16]. The radius r∗ is infinite for stars made up of perfect fluids with
equation of state p = wρ where 0 ≤ w ≤ 1 . It is a standard procedure
then to construct composite configurations consisting of perfect fluid cores
and constant density crusts to render r∗ finite, see [8] for example. Or, to
confine the system within a spherical box of radius r∗ , see [11] for example.
OV equations are then solved numerically. The solutions contain one free
parameter, taken in [11] to be xch ∝ √ρ0 r∗ which is a measure of central
density. Let ych =
M
rm−1
∗
which measures the mass of the star. It is found
from the numerical analyses that : (i) As xch increases from zero to ∞, ych
increases from zero to a (first) maximum y1 at x1, thereafter exhibits damped
oscillations, asymptoting to a value ys . The asymptotic value ys is typically
several percent smaller than y1 in magnitude. (ii) The behaviour for large
13
values of xch is described well by the analytical asymptotic solutions and the
perturbations around it. (iii) The solutions are unstable beyond the first
maximum which is at (xch, ych) = (x1, y1) .
As a consequence, one has the following. For a given value of central
density, the radius r∗ must be < r1∗ where r1∗ corresponds to x1. The mass
of the star must then be less than (y1 r
m−1
1∗ ) . A more massive star will be
unstable and will collapse.
(4) In [11], Chavanis studied static spherically symmetric equilibrium
configurations of stars in D = m + 2 dimensional spacetime, nc = 0 and
N = 1 in our notation. He found that, for m ≥ mcr(w) ∼ 9, ych increases
monotonously from zero to ys, effectively making x1 infinite and y1 = ys ,
see Figures 20 – 23 in [11]. The perturbations around the corresponding
analytical asymptotic solutions exhibit a monotonous behaviour with no os-
cillations.
As a consequence, one has the following. For m ≥ 9, x1 is effectively
infinite. Then r1∗ is infinite which makes the upper limit (ys r
m−1
1∗ ) on the
mass of the star also infinite. Hence, a star can be arbitrarily massive and
stable when m ≥ 9 .
Example (1) : c˜iI = 0 =⇒ si = 0
We first consider an example where the corresponding stars are effectively
same as those in [11]. Consider the case where wIi =
(m+1)wI−1
m
. Then c˜iI = 0
from which it follows that si = 0 = Sc = B0 = B1 , so we omit the tilde’s on
s’s. We then get s0 = 2w
I
1+wI
which implies that wI = w for all I [17]. Then
α = m− 1 + 2w
1 + w
, c˜0I = c˜0 =
m− 1 + (m+ 1)w
m
.
Note that (1 + w)α = mc˜0 . The zeroth order equations (44) – (46) give
αs0 = c˜0
∑
I
RI =⇒ R =
∑
I
RI =
2mw
(1 + w)2
s0 =
w
m
R +
m− 1
2
(
e2λ˜0 − 1
)
=⇒ e2λ˜0 = D
(m− 1)(1 + w)2
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where D = (m− 1)(1 + w)2 + 4w . The remaining relation
s0 =
w − 1
m
R + (m− 1)
(
e2λ˜0 − 1
)
is now satisfied identically.
At first order, since c˜iI = 0 and wI = w, we have
w yI = − (1 + w) u˜0 , u˜iσ˜σ˜ + αu˜iσ˜ = 0 .
Thus, yI = y is independent of I and u˜i . Equations (48), (50), and (51) now
give
u˜0σ˜σ˜ + αu˜
0
σ˜ + s˜
0 (u˜0σ˜ − u˜σ˜) = c˜0 R (y + 2u˜) ,
u˜0σ˜ =
w
m
R (y + 2u˜) + (m− 1) e2λ˜0 u˜
u˜0σ˜ − u˜σ˜ =
w − 1
m
R (y + 2u˜) + (m− 1) e2λ˜0 (2u˜) ,
from which it follows that
u˜0σ˜ = −
2w
1 + w
u˜0 +
(
m− 1 + 4w
1 + w
)
u˜
u˜σ˜ = − 2
1 + w
u˜0 − (m− 1) u˜
u˜0σ˜ = wu˜σ˜ +
D
1 + w
u˜ .
The u˜0σ˜ and u˜σ˜ equations above are of the type
Ax′ +By′ = ax+ by , Px′ +Qy′ = px+ qy (53)
in an obvious notation. Solving, for example, for (x′, x) in terms of (y′, y)
gives x′ = a1y
′ + a2y and x = a3y
′ + a4y ; one then gets a3y
′′ + a4y
′ =
x′ = a1y
′ + a2y which gives an equation for y
′′ . An equation for x′′ also
follows similarly. One can show in this way that both x′′ and y′′ obey the
same equation, namely
(PB −QA) (∗)′′ − (Pb+ pB −Qa− qA) (∗)′ + (pb− qa) (∗) = 0 (54)
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where (∗) = x, y . Applying this formula, it follows straightforwardly that
u˜0 and u˜ obey the same equation, namely
u˜0σ˜σ˜ + αu˜
0
σ˜ +
2D
(1 + w)2
u˜0 = 0
u˜σ˜σ˜ + αu˜σ˜ +
2D
(1 + w)2
u˜ = 0 .
Except for the presence of u˜is obeying the equation u˜iσ˜σ˜ + αu˜
i
σ˜ = 0 , the
results in this example are same as the corresponding ones of [11] for which
nc = 0 . This is because the choice of w
I
i , leading to s
i = 0, decouples the
effects of compact space.
Example (2) : c˜iI 6= 0 , N = 1
Consider an example where c˜iI 6= 0 but N = 1 . Using s˜ = 0, qI = −2 ,
and omitting the I−scripts, the zeroth order equations (41), (44) – (46) give
2 w = (1 + w) s˜0 +
∑
i
c˜i si
α s˜0 = c˜0 R , α s˜i = c˜i R
s˜0 =
w
m
R +
m− 1
2
(
e2λ˜0 − 1
)
+
B0
2m
s˜0 =
w − 1
m
R + (m− 1)
(
e2λ˜0 − 1
)
=⇒ α = m− 1 + s˜0 = w − 1
m
R + (m− 1) e2λ˜0
where B0 = ∑i s˜i si . We now get
(
s˜i, si, R
)
=
(
c˜i, ci, α
) s˜0
c˜0
,
using which we obtain
s˜0 =
2w
(1 + w)(1 + γ)
, γ =
∑
i c˜
i ci
(1 + w)c˜0
.
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Then s˜i and α = m− 1+ s˜0 follow, then R, then e2λ˜0 from, for example, the
last of the zeroth order equations:
(m− 1) e2λ˜0 = α + 1− w
m
R =
α
1 + γ
( D
mc˜0(1 + w)
+ γ
)
.
Also, B0 = ∑i s˜isi = γ(1 + w) (s˜0)2c˜0 . All the results of Example (1) will
follow from the present ones upon setting γ = 0 .
The first order equations (42), (48) – (51) give
w y + (1 + w) u˜0 +
∑
i
c˜i ui = 0
u˜0σ˜σ˜ + αu˜
0
σ˜ + s˜
0 (u˜0σ˜ − u˜σ˜) = c˜0 R (y + 2u˜)
u˜iσ˜σ˜ + αu˜
i
σ˜ + s˜
i (u˜0σ˜ − u˜σ˜) = c˜i R (y + 2u˜)
u˜0σ˜ =
w
m
R (y + 2u˜) + (m− 1) e2λ˜0 u˜+ B1
m
u˜0σ˜ − u˜σ˜ =
w − 1
m
R (y + 2u˜) + (m− 1) e2λ˜0 (2u˜)
where B1 = ∑i siu˜iσ˜ .
It can now be seen from the u˜0σ˜σ˜ and u˜
i
σ˜σ˜ equations, and from the zeroth
order results for s˜i, that
F iσ˜σ˜ + α F
i
σ˜ = 0 , F
i = u˜i − c˜i u˜
0
c˜0
.
Although F i admit the general solutions F i = F i0 + F
i
1 e
−ασ˜ , we will set
the integration constants F i0,1 to zero and thus take u˜
i = c˜i u˜
0
c˜0
. It is now
straightforward to obtain y and B1 . They are given by
s˜0 y = − 2 u˜0 , B1 = γ(1 + w)s˜0 u˜
0
c˜0
.
Using the above expression for y, and after some algebra, we now get
u˜0σ˜σ˜ + αu˜
0
σ˜ +
2 α
1 + γ
( D
mc˜0(1 + w)
+ γ
)
u˜0 = 0
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(
1− γ(1 + w)s˜
0
mc˜0
)
u˜0σ˜ = −
2αw
mc˜0
u˜0 + α
(
1 +
(1 + w)s˜0
mc˜0
)
u˜
u˜0σ˜ − u˜σ˜ =
2α(1− w)
mc˜0
u˜0 + 2αu˜ .
The u˜0σ˜ and u˜σ˜ equations above are of the type given in equation (53). Hence,
applying the consequent formula (54) and after some algebra, one can show
that both u˜0σ˜σ˜ and u˜σ˜σ˜ obey the same equation, given above for u˜
0
σ˜σ˜ .
The results of this example provide a generalisation of the corresponding
ones of [11]. In this example, N = 1 and the effects of compact space appear
through a single parameter γ .
Analysis of perturbation equation
Consider the equation for the perturbations
(∗)′′ + α (∗)′ + 2 α
(
1 +
(1− w)s˜0
mc˜0
)
(∗) = 0
where (∗) = u˜0 or u˜, and we have used
α
1 + γ
( D
mc˜0(1 + w)
+ γ
)
= α +
1− w
m
R , R =
αs˜0
c˜0
.
Then the solutions are given by (∗) ∼ ek σ˜ where
k =
−α±√∆
2
, ∆ = α2 − 8 α
(
1 +
(1− w)s˜0
mc˜0
)
.
If ∆ is negative then k is complex and the solutions exhibit damped oscilla-
tions. Such oscillations imply an instability towards a collapse of a sufficiently
massive star. If ∆ is zero or positive then k is real and the solutions are expo-
nentially damped but with no oscillations. Such non oscillating, monotonous
behaviour implies stability [11]. The fluctuations of u˜ are related to the fluc-
tuations of the mass function M(r) and, hence, a negative ∆ denotes an
instability towards a collapse of a sufficiently massive star whereas a zero or
a positive ∆ denotes stability.
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In order to analyse the sign of ∆, we write it as
∆ = κ1
{
α mc˜0 − 8 (mc˜0 + (1− w)s˜0)
}
= κ1
{
(m− 9) mc˜0 + s˜0 (mc˜0 − 8(1− w))
}
= κ2
{
(m− 9)(1 + w)(1 + γ) mc˜0 + 2w (mc˜0 − 8(1− w))
}
= κ2
{
b2w
2 + b1w + b0
}
where κ1 =
α
mc˜0
, κ2 =
κ1
(1+w)(1+γ)
, and
b2 = (m− 3)2 + γ(m+ 1)(m− 9)
b1 = 2(m− 9)(m+ 1 + γm)
b0 = (m− 1)(m− 9)(1 + γ) .
We take ci to not all vanish, then the sum
∑
i c˜
ici > 0 . Assume that
w > 1−m
1+m
. It is, indeed, physically natural that 0 ≤ w ≤ 1 . It then follows
that (1 + w, c˜0, γ, s˜0, α, κ1, κ2) are all positive and, hence,
Sgn ∆ = Sgn (b2w
2 + b1w + b0) .
We now analyse the sign of ∆ . Write b2w
2 + b1w + b0 = Q0 +Q1 where
Q0 = (m− 3)2w2 + 2(m− 9)(m+ 1)w + (m− 1)(m− 9)
and
Q1 = γ(m− 9)(1 + w) mc˜0 = m(m− 9)
∑
i
c˜ici .
Note that the polynomial Q0 is same as that analysed in [11]; that the dis-
criminant of Q0 is 128 m (9−m) ; that ∑i c˜ici > 0 ; and that the polynomial
Q1 may be thought of as arising due to the effects of compact space. Now
consider Q0 +Q1 for different ranges of m .
m > 9 : In this case, Q1 is positive. The discriminant of Q0 is negative,
hence Q0 is positive for all w . Therefore, ∆ is positive.
m = 9 : In this case, Q0 = 36w
2 and Q1 = 0 . Hence, ∆ is zero or positive.
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m < 9 : In this case, Q1 < 0 . Consider Q0. It is simple to show [11] that
Q0 is negative for 0 ≤ w ≤ 1 . Hence, ∆ is negative for 0 ≤ w ≤ 1 .
Thus, it follows that the perturbations exhibit monotonous and non os-
cillating behaviour for m ≥ 9 for any value of w . Hence, a star can be arbi-
trarily massive and stable in these cases. For m < 9 , and for the physically
relevant range 0 ≤ w ≤ 1 , the perturbations exhibit damped oscillations.
Therefore there will be instability and, hence, sufficiently massive stars will
collapse.
5. M theory branes : U duality relation among (pαI ,ΠI)
M theory has U duality symmetries. Incorporating these symmetries
leads to a relation among the components (pαI , ΠI) of the energy momentum
tensor for the I th stack of branes. We will explain this relation below. Then,
we apply the general results of sections 3 and 4 to M theory branes.
We use the U duality symmetries here the same way as in our earlier works
[7]. We note that, for a given N , different intersecting brane configurations
of M theory can be related to each other by suitable U duality operations
– namely, by suitable dimensional reduction and uplifting to and from type
IIA string theory, and T and S dualities in type IIA/B string theories. For a
metric of the form given in equation (3), such an operation leads to relations
among λα which in turn, through their equations of motion, imply relations
among (pα,Π) . Although only time dependent cases in early universe were
studied in [7], the U duality details of these works carry over and are appli-
cable to the static cases also with only a few minor changes. We present only
the main results here, see [7] for details.
It can be shown that the relations among (pα,Π) for intersecting branes
of M theory, obtained by applying U duality operations as described above,
are all satisfied if the individual (pαI ,ΠI) obey the relation
p‖I = ΠI + p0I + p⊥I +m (pΩI − p⊥I) (55)
where p‖I and p⊥I are the pressures along the directions that are parallel and
transverse to the worldvolume of the I th stack of branes. The above relation
is a consequence of U duality symmetries and, therefore, must always be
valid independent of the details of the equations of state. We further take
pΩI = p⊥I which is natural since the sphere directions are transverse to the
20
branes. Furthermore, in the case of early universe studied previously as well
as in the case of stars that are being studied here, the constituent matter
components satisfy T rr(I) = T
a
a(I), thus ΠI = paI . Using p0I = −ρI and
paI = pΩI = p⊥I = pI , equation (55) then becomes p‖I = −ρI + 2pI [6, 7].
Consider the case where the equations of state are linear, as given in
equations (32). For M theory branes, let p‖I = w
I
‖ ρI and p⊥I = w
I
⊥ ρI .
Taking wI⊥ = w
I
Ω = w
I , and then wIΠ = w
I
a for stars, the U duality relation
in equation (55) then gives
wI‖ = w
I
Π − 1 + wI = −1 + 2wI .
For intersecting branes in M theory, these relations further lead to an elegant
structure which is shown in Appendix C.
Consider the constants c˜iI defined in equation (34). For intersecting
branes in M theory, wIi = w
I
‖ if i ∈ ‖I , namely if xi is a worldvolume
coordinate of the I th stack of branes, and wIi = w
I
⊥ otherwise. Similarly, let
c˜iI = c˜‖I if i ∈ ‖I and c˜iI = c˜⊥I otherwise. Then, using the U duality
relation wI‖ = −1 + 2wI , it follows that
c˜⊥I =
wI − 1
m
, c˜‖I = c˜⊥I + 1− wI = (1−m) c˜⊥I . (56)
Hence, for any ai with ac =
∑
i a
i, it follows that
∑
i
c˜iI ai = (1− wI)

∑
i∈‖I
ai − a
c
m

 . (57)
With wIα, and thus c˜
αI , specified for intersecting branes, it is now a
straightforward exercise to apply the general results of sections 3 and 4 to
stars made up of intersecting branes in M theory. In the following, we present
two examples: the N = 1 case of M2 and M5 brane stars, and the N = 4
case of 22′55′ intersecting brane configuration.
Other intersecting brane configurations can be analysed by same method
as shown for the N = 4 case. The results for the N = 3 case of 22′2′′
intersecting brane configuration are almost identical to those of the N = 4
case.
Example (3) : N = 1 case – M2 and M5 branes
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Consider stars made up of M2 branes or M5 branes. Then N = 1,
D = 11, nc = 2 or 5, m = 7 or 4, and c˜
i = c˜‖ = (m−1)(1−w)
m
. Hence,
∑
i
c˜ici =
m nc (c˜
‖)2
nc +m
=
nc (m− 1)2 (1− w)2
m (nc +m)
,
which = 8
7
(1− w)2 for M2 branes and = 5
4
(1− w)2 for M5 branes.
This is a special case of Example (2) described in section 4. Therefore,
the analysis and the results of Example (2) apply straightforwardly. Since
m < 9 , the perturbations exhibit damped oscillations for 0 ≤ w ≤ 1 .
Therefore there will be instability and, hence, sufficiently massive M2 orM5
brane stars will collapse.
Example (4) : N = 4 case – 22′55′ configuration
For the BPS intersecting brane configurations of the M theory, we have
nc +m = 9 , w
I
⊥ = w
I
Ω = w
I , wI‖ = −1 + 2wI .
Also c˜iI = c˜‖I if i ∈ ‖I and c˜iI = c˜⊥I otherwise. From the relation between
wI‖ and w
I
⊥, it follows that
c˜⊥I =
wI − 1
m
, c˜‖I = 1− wI + c˜⊥I = (1−m) c˜⊥I .
In the 22′55′ : (12, 34, 13567, 24567) configuration of the M theory, there
are two stacks each of two branes and five branes whose spatial worldvolume
directions are indicated. For this configuration, we have
N = 4 , nc = 7 , m = 2 , c˜‖I = − c˜⊥I = 1− w
I
2
.
Using c˜‖I = 1− wI + c˜⊥I and then c˜⊥I = wI−1
m
, we have
∑
i
c˜iI si = (1− wI) ∑
i∈‖I
si + c˜⊥I Sc = (1− wI)

∑
i∈‖I
si − S
c
m


∑
i
c˜iI ui = (1− wI) ∑
i∈‖I
ui + c˜⊥I U c = (1− wI)

∑
i∈‖I
ui − U
c
m

 .
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Consider sums of the type
∑
I c˜
iI XI . Denoting the XI ’s for the 22
′55′
configuration as (X2, X2′ , X5, X5′) and using c˜
‖ = − c˜⊥, we get
∑
I
c˜1I XI = c˜
‖ (X2 −X2′ +X5 −X5′)
∑
I
c˜2I XI = c˜
‖ (X2 −X2′ −X5 +X5′)
∑
I
c˜3I XI = c˜
‖ (−X2 +X2′ +X5 −X5′)
∑
I
c˜4I XI = c˜
‖ (−X2 +X2′ −X5 +X5′)
∑
I
c˜5,6,7 I XI = c˜
‖ (−X2 −X2′ +X5 +X5′) . (58)
Zeroth order : At zeroth order, we have s˜ = 0, qI = −2 and, using the
above expression for
∑
i c˜
iIsi, we get from equation (41) that
∑
i∈‖I
si =
2wI − (1 + wI) s˜0
1− wI +
Sc
m
.
We now consider the case where wI = w for all I, and omit the I superscripts
on c˜0I and w’s. Note that c˜iI will depend on I since c˜iI = c˜‖I if i ∈ ‖I and
c˜iI = c˜⊥I . Since wI = w for all I, the above expression implies that the sum∑
i∈‖I s
i must be same for all I . Thus, for the 22′55′ : (12, 34, 13567, 24567)
configuration, it follows that
s1 + s2 = s3 + s4 = s1 + s3 + s5 + s6 + s7 = s2 + s4 + s5 + s6 + s7
=⇒ s3 = s2 , s4 = s1 , s5 + s6 + s7 = 0 , Sc = 2 (s1 + s2) .
It can then be shown that s˜i = si + S
c
m
satisfy the relations
s˜3 = s˜2 , s˜4 = s˜1 , s˜5 + s˜6 + s˜7 = s˜1 + s˜2 .
Consider now equation (44) for s˜i : α s˜i =
∑
I c˜
iIRI . Denoting the RI ’s
for the 22′55′ configuration as (R2, R2′ , R5, R5′) and using c˜
‖ = − c˜⊥, we
get
α s˜1 =
∑
I
c˜1IRI = c˜
‖ (R2 −R2′ +R5 − R5′)
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α s˜2 =
∑
I
c˜2IRI = c˜
‖ (R2 −R2′ −R5 +R5′)
α s˜3 =
∑
I
c˜3IRI = c˜
‖ (−R2 +R2′ +R5 − R5′)
α s˜4 =
∑
I
c˜4IRI = c˜
‖ (−R2 +R2′ − R5 +R5′)
α s˜5,6,7 =
∑
I
c˜5,6,7 I RI = c˜
‖ (−R2 − R2′ +R5 +R5′) .
The three relations on the s˜i can now be seen to imply that
R2 = R2′ = R5 = R5′ =
R
4
, R =
∑
I
RI ,
=⇒ s˜i = 0 =⇒ si = Sc = B0 = B1 = 0 .
Since Sc = 0, we omit the tilde’s on s’s. Using equations (44) – (46), we then
get the same zeroth order results as in Example (1), namely
s0 =
2w
1 + w
, c˜0I = c˜0 =
m− 1 + (m+ 1)w
m
,
R =
∑
I
RI =
2mw
(1 + w)2
, (m− 1) e2λ0 = D
(1 + w)2
where D = (m− 1)(1 + w)2 + 4w and m = 2 .
First order : Consider now the equations at the first order in the u˜’s for
the case where wI = w for all I . Then (wI , c˜0I , RI) do not depend on I
and we omit the I−scripts on them. Noting that s˜i = B1 = 0 and RI = R4
now, the first order equations (48) – (51) for yI and the u˜’s are given by
w yI = − (1 + w) u˜0 − (1− w)

∑
i∈‖I
ui − U
c
m

 (59)
u˜0σ˜σ˜ + αu˜
0
σ˜ + s˜
0 (u˜0σ˜ − u˜σ˜) =
∑
I
c˜0
R
4
(yI + 2u˜) (60)
u˜iσ˜σ˜ + αu˜
i
σ˜ =
∑
I
c˜iI
R
4
(yI + 2u˜) (61)
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u˜0σ˜ =
∑
I
w
m
R
4
(yI + 2u˜) + (m− 1) e2λ˜0 u˜ (62)
u˜0σ˜ − u˜σ˜ =
∑
I
(
w − 1
m
)
R
4
(yI + 2u˜) + (m− 1) e2λ˜0 (2u˜) . (63)
Note that yI depends on ui, and also on I through the sum
∑
i∈‖I u
i .
However, with wI = w for all I, the equations for u˜0 and u˜ depend not
on the individual yI but only on their sum
∑
I y
I . Now, for the N = 4,
22′55′ : (12, 34, 13567, 24567) configuration, we have m = 2 and
∑
I

∑
i∈‖I
ui − U
c
m

 = 2 U c −N U c
m
= 0 .
Therefore, for the 22′55′ configuration, the sum
∑
I y
I is independent of ui .
Then
R
4
∑
I
yI = − 1 + w
w
R u˜0
and the equations for u˜0 and u˜ become the same as those in Example (1). In
particular, it follows that the perturbations exhibit damped oscillations and,
hence, there is instability. Therefore, sufficiently massive stars made up of
22′55′ intersecting branes will collapse.
Equation for u˜i depend on I through the term
∑
I c˜
iI (yI+2u˜) , and hence
through the sums
∑
I c˜
iI and
∑
I c˜
iIyI . Such sums for the 22′55′ configuration
are given by the expressions given in equation (58), from which it can be seen
that ∑
I
c˜iI = 0 =⇒ ∑
I
c˜iI yI =
∑
I
c˜iI

∑
j∈‖I
uj

 .
For I : (2, 2′, 5, 5′), the sums
∑
j∈‖I u
j are given by (u1 + u2), (u3 + u4),
(u1 + u3 + u5 + u6 + u7), and (u2 + u4 + u5 + u6 + u7) . We then get
u˜iσ˜σ˜ + αu˜
i
σ˜ =
R
4
∑
I
c˜iI yI
where
∑
I
c˜1I yI = 2 c˜‖ (u1 − u4)
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∑
I
c˜2I yI = 2 c˜‖ (u2 − u3)
∑
I
c˜3I yI = 2 c˜‖ (u3 − u2)
∑
I
c˜4I yI = 2 c˜‖ (u4 − u1)
∑
I
c˜5,6,7 I yI = 2 c˜‖ (u5 + u6 + u7) . (64)
It then follows easily that
(∗1)σ˜σ˜ + α(∗1)σ˜ −R c˜‖ (∗1) = 0
where (∗1) = (u˜1 − u˜4), (u˜2 − u˜3), and (u5 + u6 + u7) ; and
(∗2)σ˜σ˜ + α(∗2)σ˜ = 0
where (∗2) = (u˜1 + u˜4), (u˜2 + u˜3), (u˜5 + u˜6 − 2u˜7), and (u˜5 − 2u˜6 + u˜7) .
N = 3 case – 22′2′′ configuration
We now consider the 22′2′′ : (12, 34, 56) configuration of the M theory
where there are three stacks of two branes whose spatial worldvolume direc-
tions are indicated. For this configuration, we have N = 3, nc = 6, and
m = 3 . Further analysis proceeds in the same way as for the N = 4 case.
The steps differ in details, but the final results for the N = 3 case of 22′2′′
intersecting brane configuration are almost identical to those of the N = 4
case, but now with m = 3 .
Thus: si = 0; the same zeroth order results as in Example (1) are ob-
tained; and, the equations for u˜0 and u˜ become the same as those in Example
(1). In particular, it follows that the perturbations exhibit damped oscilla-
tions and, hence, there is instability. Therefore, sufficiently massive stars
made up of 22′2′′ intersecting branes will collapse.
6. Significance of (in)stabilities – Mathur’s fuzzball proposal
We now discuss the significance of the (in)stability results for the stars in
M theory, within the context of Mathur’s fuzzball proposal [15]. We draw a
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corollary of this proposal, which is perhaps obvious to many readers; discuss
its implication for the equations considered here; and make a few comments.
We now have that stars in M theory made up ofM2 orM5 branes, or the
N = 4 22′55′ intersecting branes, or the N = 3 22′2′′ intersecting branes all
have instabilities. Therefore, if sufficiently massive, such stars in M theory
will collapse presumably to form black brane configurations. The results of
[11] that stable, arbitrarily massive, equilibrium configurations of stars may
exist if m ≥ 9 are not applicable to the stars in M theory made up of branes
and intersecting branes because D = 11 and nc +m = 9 in M theory, and
nc > 1 for branes and intersecting branes.
From many points of view, such a result is only to be expected. However,
consider Mathur’s fuzz ball proposal [15]. According to this proposal, in
essence, there is no horizon. 1 At distances greater than of the order of
Schwarzschild radius, the spacetime geometry is indistinguishable from a
black hole / black brane geometry but, at shorter distances, the spacetime is
filled with ‘fuzz’.
It then follows as a corollary of the fuzz ball proposal that
• The equilibrium configurations of stars of arbitrarily high mass must
exist which must be stable and not collapse.
This must be true irrespective of whether the stars are neutral or charged,
rotating or non rotating. In the following, we proceed with the assumption
that the fuzz ball proposal and, consequently, its corollary above are valid.
We now make a remark regarding fuzz ball configurations. A generic
fuzz ball state is highly quantum and has sizeable fluctuations of metric and
other fields. Its connection to classical geometry is very much more involved
than the standard quantum to classical correspondence. Here, we envision
the fuzzball configurations as describing intersecting branes with all the high
energy, highly interacting excitations included. Our analysis requires only
the energy momentum tensor and the equations of state describing such
configurations. They may be derived in certain approximations as in [6] or
by using symmetries as in [7]. Or they may be postulated based on underlying
microphysics if known, or based simply on educated guesswork.
1Several horizonless pictures have been advocated from several different points of view
over time. For a sample of such works, see [18] – [23].
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The fuzz ball situation here may be likened to studying stars made up
of photons, or nuclear matter, or Bose – Einstein condensates. These con-
stituents are highly quantum. Nevertheless, to study the properties of such
stars, the equations of state for the constituents are sufficient. For photons,
one has (pressure) = (density)/3 ; for nuclear matter, one postulates differ-
ent equations of states; and for Bose – Einstein condensates, they may be
derived from statistical mechanics.
It is important to find the equilibrium horizonless configurations implied
by the fuzz ball proposal, and understand the reasons for their stability.
One may therefore seek stationary configurations since equilibrium ones are
in general of this type. If one further assumes no rotation then one may
restrict to static and spherically symmetric configuration. Then one may
proceed, for example, by following the methods of [8, 9, 10, 11] as done in
this paper : First obtain OV type equations corresponding to the equilib-
rium configurations of the ‘fuzz’; derive or postulate appropriate equations
of state for the ‘fuzz’, which may atleast capture its stabilising aspects; then
obtain the asymptotic solutions to these equations; study the behaviour of
perturbations in the mass of the star around the asymptotic solutions; and,
determine whether an instability is present or not depending on whether
perturbations are oscillatory or not.
The OV type equations, and the equations of state, given in this paper
for stars in M theory predict instabilities. Therefore, the assumed validity of
the corollary above implies that although these equations may describe well
the stars in M theory, they are not sufficiently general to describe the ‘fuzz’
which must be able to prevent the collapse. We suspect that, at the least,
the isometries along the compact space needs to be removed or modified.
Note that the absence of such isometries invalidates our use of U duality
symmetries in [7] to obtain their effects on the equations of state. One then
has to postulate, or derive by other means, equations of state for the ‘fuzz’
which must be able to prevent the collapse. This, however, is a tall order
and it is presently not clear to us how to proceed.
7. Conclusions
We summarise briefly the results presented in this paper. Our aim is to
study the stars in M theory and determine whether they are stable or not.
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We start with appropriate higher dimensional spacetime, applicable to stars
in M theory. We obtain the analog of OV equations. The equations of state
are taken to be linear. We then follow the standard methods to determine the
presence or absence of instabilities : we obtain analytically the asymptotic
solutions and study perturbations around it.
A general answer is algebraically quite involved. Hence, we consider a few
examples. In the process, we obtain a generalisation of the results of Chavanis
given in [11]. We also obtained the results for stars in M theory made up of
M2 and M5 branes; and the N = 4 22′55′ intersecting branes. The results
for N = 3 22′2′′ intersecting branes are similar to the N = 4 case. All
these stars in M theory have instabilities. Therefore, if sufficiently massive,
they will collapse to form black brane configurations. We then discussed the
significance of these (in)stabilities within the context of Mathur’s fuzz ball
proposal.
We now conclude by mentioning a few topics for further studies. With
the OV type equations given here, one can study stars in M theory, and also
stars in more general Kaluza – Klein spacetimes. The equations of state for
the star’s constituents in the later spacetimes may need to be postulated.
However, one can use this freedom and explore the consequences of various
types of equations of state.
One can also study the collapse of such stars, and obtain the analog of
Oppenheimer – Snyder collapse scenario. This is likely to be an interesting
area of research because of its similarities to the time dependent cosmological
studies. It will be interesting to explore the similarities between big bang /
big crunch scenarios and the collapse of a star down the singularity to form a
black hole. And, in particular, explore whether a bounce in the scale factor
during the early universe evolution implies a bounce for the collapsing star
and, if so, whether it leads to stability.
At a technical level, we have not analysed all the intersecting brane con-
figurations in full generality. For example, in all the cases here, we end up
with wI = w . This needs generalisation. Also, one can consider more general
equations of state and explore the possible consequences. This will require
numerical analysis and is likely to be challenging. However, this may yet be
the most practical way to model the ‘fuzz’ and to find the stable equilibrium
configurations.
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Appendix A : Equations of motion in a more compact form
In this Appendix, we write the equations of motion (9) – (11) in a more
compact form. Note that equation (11) suggests a change of variable from r
to τ given by
eλ dr = eΛ dτ . (65)
The line element for the (m+1) dimensional transverse space given in equa-
tion (3), written in terms of τ , becomes
e2λdr2 + e2σdΩ2m = e
2σ
(
e2χ dτ 2 + dΩ2m
)
(66)
where the field χ is defined by
χ = Λ− σ = λ0 +∑
i
λi + (m− 1)σ . (67)
It follows from the above definitions that
rτ =
dr
dτ
= eΛ−λ = r
√
f eχ (68)
and that, for any function X(r(τ)),
Xτ = e
Λ−λ Xr , Xττ = e
2(Λ−λ) (Xrr + (Λr − λr) Xr) (69)
where the subscripts τ denote τ−derivatives. Equations (9) – (11), expressed
in terms of τ , become
(ΠI)τ = −ΠI Λτ +
∑
α
pαIλ
α
τ (70)
Λ2τ −
∑
α
(λατ )
2 = 2
∑
I
ΠI e
2Λ +m(m− 1) e2χ (71)
λαττ =
∑
I
(
−pαI + TI
D − 2
)
e2Λ + δαa (m− 1) e2χ . (72)
Equation for the field χ defined in equation (67) is then given by
χττ =
∑
I
(ΠI + pΩI) e
2Λ + (m− 1)2 e2χ . (73)
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Defining Gαβ, G
αβ , and hαI by
Gαβ = 1− δαβ , Gαβ = 1
D − 2 − δ
αβ ,
hαI =
∑
β
Gαβ
(
−pβI + TI
D − 2
)
= ΠI + pαI , (74)
the above equations may be written compactly as
(ΠI)τ = −2ΠI Λτ +
∑
α
hαIλ
α
τ (75)∑
αβ
Gαβ λ
α
τ λ
β
τ = 2
∑
I
ΠI e
2Λ +m(m− 1) e2χ (76)
λαττ =
∑
βI
Gαβ hβI e
2Λ + δαa (m− 1) e2χ . (77)
χττ =
∑
I
hΩI e
2Λ + (m− 1)2 e2χ . (78)
Appendix B : Linear equations of state
When the equations of state are linear, the fields (λα, ρI) can be expressed
in terms N + 1 independent fields, denoted as (lI , l∗) . Consider the linear
equations of state given by equations (32), namely
pαI = w
I
α ρI , ΠI = w
I
Π ρI (79)
where (wIα, w
I
Π) are constants, w
I
0 = −1 since p0I = −ρI , and wIa = wIΩ = wI
since paI = pΩI = pI for all a . Then
hαI = ΠI + pαI = z
I
α ΠI (80)
where zIα are constants and z
I
a = z
I
Ω for all a . The sets of constants z
I
α and
(wIα, w
I
Π) where w
I
0 = −1 are related to each other as follows:
zIα = 1 +
wIα
wIΠ
; wIα =
zIα − 1
1− zI0
, wIΠ =
1
1− zI0
.
Equation (75) can now be solved using equation (80) to give
ΠI = ΠI0 e
−2Λ+lI −→ hαI e2Λ = zIα
(
ΠI0 e
lI
)
(81)
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where ΠI0 are constants and l
I are defined by
lI =
∑
α
zIα λ
α . (82)
An expression for ρI follows easily since ΠI = w
I
Π ρI . Using the above
expressions now, equations for λα, lI , and χ become
λαττ =
∑
I
zαI
(
ΠI0 e
lI
)
+ δαa (m− 1) e2χ (83)
lIττ =
∑
J
GIJ
(
ΠJ0 e
lJ
)
+ zIΩ m(m− 1) e2χ (84)
χττ =
∑
I
zIΩ
(
ΠI0 e
lI
)
+ (m− 1)2 e2χ (85)
where
zαI =
∑
β
Gαβ zIβ , GIJ =
∑
αβ
GαβzIα z
J
β . (86)
The above set of equations may be written even more compactly, and λα
may be expressed in terms of (lI , χ), by defining the following:
Iˆ = (I, ∗) , lIˆ = (lI , l∗) , zIˆα = (zIα, z∗α) , ΠIˆ0 = (ΠI0,Π∗0)
where zIˆa = z
Iˆ
Ω = (z
I
Ω, z
∗
Ω) for all a , and
l∗ = 2χ =
∑
α
z∗α λ
α , z∗α = 2
(
1− δαa
m
)
, Π∗0 =
m(m− 1)
2
.
Equations (83), (84) and (85) may then be written as
λαττ =
∑
Jˆ
zαJˆ
(
ΠJˆ0 e
lJˆ
)
(87)
lIˆττ =
∑
Jˆ
Gˆ IˆJˆ
(
ΠJˆ0 e
lJˆ
)
(88)
where
zαIˆ =
∑
β
Gαβ zIˆβ , Gˆ Iˆ Jˆ =
∑
αβ
GαβzIˆα z
Jˆ
β . (89)
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It follows that zα∗ = 2
m
δαa, and that Gˆ IˆJˆ are given by
GˆIJ = GIJ , Gˆ Iˆ∗ = Gˆ∗Iˆ = nIˆ = (nI , n∗) = 2 (zIΩ, z∗Ω) .
Thus
Gˆ∗I = GˆI∗ = 2 zIΩ , Gˆ∗∗ = 2 z∗Ω =
4(m− 1)
m
.
When lIˆ are all independent, equation (88) can be inverted to give
ΠIˆ0 e
lIˆ =
∑
Jˆ
GˆIˆ Jˆ lJˆττ (90)
where GˆIˆ Jˆ are the elements of the inverse of the matrix formed by Gˆ Iˆ Jˆ , and
are given by
GˆIJ = GIJ + nI nJ
N
, GˆI∗ = Gˆ∗I = − nI
N
, Gˆ∗∗ = 1
N
.
Here GIJ are the elements of the inverse of the matrix formed by GIJ and
nI =
∑
J
GIJ nJ , N = n∗ −
∑
J
nJ n
J .
From equations (87) and (90), it now follows that
λα =
∑
Iˆ Jˆ
zαIˆ GˆIˆ Jˆ lJˆ + Lα (τ − τ0) + cα
=
∑
J
zαJ l
J + zα∗ l
∗ + Lα (τ − τ0) + cα (91)
where (La, ca) = (LΩ, cΩ) for all a,
zα
Jˆ
= (zαJ , z
α
∗ ) =
∑
Iˆ
zαIˆ GˆIˆ Jˆ =
∑
βIˆ
Gαβ zIˆβ GˆIˆ Jˆ ,
and (Lα, cα) are constants obeying the following constraints:
lIˆ =
∑
α
zIˆα λ
α =⇒ ∑
α
zIˆα L
α =
∑
α
zIˆα c
α = 0 . (92)
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Substituting the expression for λα from equation (91) into equation (76) and
after some algebra, it follows that
∑
Iˆ Jˆ
GˆIˆ Jˆ lIˆτ lJˆτ = 2
∑
Iˆ
ΠIˆ0 e
lIˆ −∑
αβ
GαβL
αLβ . (93)
Note that ∑
α
z∗α L
α = 0 =⇒ ∑
α
Lα = LΩ
and, hence, that
−∑
αβ
GαβL
αLβ =
∑
α
(Lα)2 − (∑
α
Lα)2
= (L0)2 +
∑
i
(Li)2 + (m− 1)(LΩ)2 ≥ 0 .
One may now solve equations (88) and (93) and obtain lIˆ(τ) . Equation (91)
then gives λα(τ) . One now has to make a choice of r using the diffeomorphic
freedom in defining it. In this paper, r is chosen to be given by r = eσ˜ =
eσ+
Λc
m . Equation (68) then gives
√
f = σ˜τe
−χ, thereby completing the
solutions.
It is easy to see that, when written in terms of the variable r, (τ − τ0) in
equation (91) for λα is to be replaced by a function F (r) which obeys
Frr + (Λr − λr) Fr = 0 ⇐= Fττ = 0 .
It is also easy to see that λ˜α = λα + Λ
c
m
are given by
λ˜α =
∑
Iˆ Jˆ
z˜αIˆ GˆIˆ Jˆ lJˆ + L˜α (τ − τ0) + c˜α
=
∑
J
z˜αJ l
J + z˜α∗ l
∗ + L˜α (τ − τ0) + c˜α (94)
where z˜α
Jˆ
= (z˜αJ , z˜
α
∗ ) =
∑
Iˆ z˜
αIˆ GˆIˆ Jˆ and
X˜α = Xα +
∑
iX
i
m
, Xα = (zαIˆ , Lα, cα) .
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For example, using zαIˆ =
∑
β G
αβ zIˆβ and
∑
α L
α = LΩ , it follows that
z˜αIˆ = −zIˆα +
zIˆ0 +mz
Iˆ
Ω
m
, L˜α = Lα − L
0 + (m− 1)LΩ
m
.
Appendix C : M theory branes
For intersecting branes in M theory, the U duality relations further lead
to an elegant structure. Firstly, it can be argued [7] that the equations of
state may be written in terms of one single function only. For example, they
may be written as
hαI = ΠI + pαI = zα F({∗}I) , α = {0, ‖,⊥,Ω} (95)
where {∗}I denote brane quantities such as the number and the nett charge
of the branes in I th stack, the constant coefficients zα and the functional
dependence of F on the brane quantities {∗} are same for all I , and
zΩ = z⊥ , z‖ = z0 + z⊥ (96)
as follows from pΩI = p⊥I and from equation (55). Note that equations (95)
may still lead to equations of state of the type considered in equation (80)
if F depends on Π only and if the function F(Π) is such that, for example,
F(Π) = u(lo)Π or u(hi)Π for low or high magnitudes of Π . Equation (80)
then follows, with zIα = zαu
I where uI = u(lo) or u(hi) according to whether
the magnitude of ΠI is low or high.
Consider the case where zIα = zαu
I and zα obey equations (96). It then
follows from equations (86) and from BPS intersection rules that
zαI =
(
(nI + 1)
9
z0 + z⊥ − zα
)
uI (97)
GIJ = 2z0
(
z⊥ − z0 δIJ
)
uIuJ . (98)
The form of zαI and the relations among them are consequences of U duality
symmetries of M theory. The relations among zαI will be reflected in the
solutions for λα when written in terms of lI , see equation (91). Note the
elegant structure of GIJ and its independence on nI . These features of GIJ
35
are consequences of both the U duality symmetries and the BPS intersection
rules. Similar GIJ was also present in our time dependent early universe
studies.
Note that if GIJ are of the form
GIJ = a
(
b+ δIJ
)
uIuJ (99)
then GIJ are given by
GIJ = β + δIJ
a uIuJ
, β = − bN b+ 1 . (100)
Thus, for the BPS intersecting branes in M theory, it follows from equation
(98) that
GIJ = 1
2z20 u
IuJ
(
z⊥
N z⊥ − z0 − δIJ
)
. (101)
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